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nearest neighbors. The equilibrium equations can be derived as
in Refs. 3 and 6 and involve a force balance between the fiber
in question and the shear force induced by the relative axial
displacement of the given fiber and the nearest neighboring
fibers via the matrix shear strain. For the HM fibers, they are

(10)+ C/*_,,m + t /* m _, -4 l / n , m =0

For LM fibers, we get

= 0 (11)

Since we deal with finite-width dimensions, additional equa-
tions are written6 for corner and edge fibers. The nondimen-
sional loads are

P — U' P* — RIJ*'*n,m ~ *-'n,m > r n,m ~ **• ̂ n,m (12)

and the boundary conditions are the same as in Eqs. (8). For
instance, for HM fibers, we have

(0) = 0 (ntm) broken; Un,m(Q)
0 (n,m) intact; Pn,m(<*>) = 1 (13)

The band matrix L in Eq. (7) is now wider, and stress con-
centration factors (SCF) are calculated in the first unbroken
fibers on the major diameter adjacent to the broken fibers.
The way in which broken fibers were chosen is the same as in
Ref. 3 and is shown in Fig. 1. The number N in Figs. 1 and 3
represents the number of broken fibers on the major diameter
and all fibers within a circle of diameter Nd were broken. This
approach is motivated for nonhybrids in Ref. 3, where the
ratio of the three-dimensional to the two-dimensional SCF is
shown to approach the limit 2/n as Af gets very large. This limit
is shown to be the same as the corresponding ratio, for the
continuous problem, of the three-dimensional SCF as the edge
of a disk-shaped void in a three-dimensional body is ap-
proached to the two-dimensional SCF as the edge of a crack in
a sheet is approached.

Results and Discussion
Results for the stress concentration factor (SCF) in the first

unbroken fiber adjacent to a series of fiber breaks are shown
in Figs. 2 and 3. In the two-dimensional case, the SCF for an
HM fiber is equal to the value of Pn in the first unbroken HM
fiber. For the first unbroken LM fiber, it is equal to P%/R. A
similar approach is used in the three-dimensional case. Figure
2 plots the SCF against the parameter R for various values of
continuous breaks r. In this two-dimensional model, there is a
total of 25 fibers. While the SCF increases for the LM fibers,
it decreases for the HM fibers as R goes from 1 to 0.2. This
indicates partly how, for smaller values of R, which imply a
greater difference in the axial stiffness of the alternating fibers,
a greater hybrid effect can be realized. In Fig. 3, the SCF is
plotted against R for the three-dimensional model. The num-
ber of continuous fiber breaks on the major diameter (see Fig.
1) is given by N, and there is a total of 225 fibers. It is apparent
that the SCF for the three-dimensional model is not only less
than that for the model, but the two-dimensional model SCF
is also more sensitive to R, with greater increases in SCF for
LM fibers and greater decreases in SCF for HM fibers as R
goes from 1 to 0.2.
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Introduction

I T is highly desirable in optimization to be able to calculate
the effect of design variable changes without having to

perform a full analysis for each design iteration. This need has
led to an increased interest in accurate and efficient approxi-
mation techniques. Many optimization procedures use first-
order Taylor series approximations of the objective function
and constraints for this purpose.1 Taylor series and other
approximations are also used outside of optimization for
quick assessments of the effect of design changes.2"9 In this
paper, an efficient method is described that significantly ex-
tends the range of applicability of approximations beyond the
range of the linear Taylor series approach. The key to the new
approach is to recognize that the formulas for the sensitivity
derivatives of system behavior variables can be interpreted as
differential equations that may be solved to obtain closed
form exponential approximations. Herein, these approxima-
tions will be referred to as the Differential Equation Based
(DEB) approximations.

Basis of DEB Method
The DEB method is exemplified by investigating the sensi-

tivity equations for eigenvalues and eigenvectors. First, the
method will be developed for the approximation of vibration
frequencies, and then mode shapes.

Approximation of Frequencies
As given in Ref. 10, the equation for the derivative of the

vibration eigenvalue ca2 with respect to a design variable, v is

dco2
— —
dv

= b -

where

a =
dv dv

(1)

(2)
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K is the stiffness matrix, M the mass matrix, and $ the
eigenvector normalized such that $rAf$ = 1. Equation (1)
may be interpreted as a first-order differential equation in co2

with variable coefficients. However, if a and b do not vary
extensively with v, then they may be evaluated at the nominal
design and considered constant. After applying the nominal
condition that a?2 = a;2 when v = v0, the general solution to
Eq. (1), provided a is nonzero, is

-
a (3)

For the case where a = 0, the method produces the linear
Taylor series approximation.5

Approximation of Mode Shapes
From Ref. 11, the equation for the derivative of the mode

shape $, with respect to a design variable, is

where Q satisfies the equation

[K - u2M] (? = ——Af $ - —dv dv

and

-2 ——
dv

(4)

—— * (5)

(6)

—dv

Details of calculating Q and D may be found in Ref. 11.
Equation (4) is a nonlinear first-order vector differential equa-
tion with variable coefficients. In order to solve this equation,
D and Q are evaluated at the nominal design and held con-
stant. After applying the nominal condition that $ = $0 when
v = v0, the solution to Eq. (4) is

(7)

Equation (7) is a vector equation, however; it is uncoupled in
the sense that each component of $ varies independently with
the design variable v. The difference between components is
reflected in the corresponding components of $0 and Q.

DEB Method Extended to Multiple Design Variables
The solutions described in Eqs. (3 and 7) are directly appli-

cable only when a single design variable is perturbed. To
approximate the effect of simultaneous changes in several
design variables, the DEB method is modified as follows. If v0
is the vector of nominal design variables and v is the vector of
perturbed design variables, then v — v0 is the direction of the
move from the nominal to the perturbed design. Any design
along the move direction may be associated with a scalar 0
between 0 and 1. Then

v(0) = v0 + 0(v - v0) (8)

In particular v(l) = v and v(0) = v0. Now the sensitivity Eqs.
(1) and (4) may each be written with B as the independent
variable. For example, Eq. (1) is rewritten as

where

(9)

(10)

dK

dM

dK

dMdv/ (11)
where the index / ranges over the design variables. Then the
solution to Eq. (9) is

<*e
(12)

since co2(l) = w2(v) from Eq. (8) and by definition 60 = 0. In
Eq. (12), s corresponds to the number of steps of length
I v — v0 \ along the move direction. An extension of the
method to multiple design variables has also been developed
for $.

Results
Approximations for frequencies and mode shapes were im-

plemented and tested. The test cases involved a 193 in. (4.9 m)
cantilever box beam (Fig. 1) modeled with 10 equal elements
having the following properties: E = 0.490 E7 psi (33.8 GPa)
for the root element and E = 0.585 E7 psi (40.3 GPa) for the
remaining elements; p = 0.07 lb/in.3 (1937.6 kg/m3); the width
of the beam B = 3.75 in. (9.53 cm); the depth of the beam
H = 5.0 in. (12.7 cm); the sidewall thickness d = 0.1 in. (2.54
mm); and the top and bottom wall thickness t = 0.8 in. (2.03
cm). All calculations were generated in Engineering Analysis
Language (EAL).12 The test cases involved perturbations of
the height, width, cross-sectional area, tip mass, and bending
inertia of the beam. Results were compared with exact solu-
tions and the commonly-used Taylor series approximation.
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Fig. 1 Comparison of DEB and linear approximations of frequency
for perturbation of beam depth H. [B = 3.75 in. (9.53 cm), M = 0 Ibm].
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Fig. 2 Comparison of DEB and linear approximations of frequency
for simultaneous perturbation of tip mass, bending inertia, and cross-
sectional area. (Each step represents 10% perturbation in the design
variables from the nominal.)
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Fig. 3 Comparison of DEB and linear approximations of first bend-
ing mode shape for 50% perturbation of beam width B. [Nominal
values; H = 5.0 in. (12.7 cm), M = 0 Ibm, B =3.75 in. (9.53 cm).]

Figure 1 shows a graph of the fundamental eigenvalue as a
function of the height of the beam H for values perturbed
from the nominal value (H0) of 5.0 in. (12.7 cm). For as much
as a 50% increase in H, the new approximation is within 2%
of the exact solution, compared to 12% for the Taylor series
approximation. It is also evident from the figure that, for
decreases in H exceeding 45%, the Taylor series method gives
negative values for the eigenvalues.

Figure 2 illustrates the application of the DEB method to
simultaneous changes in three design variables: tip mass,
bending inertia, and cross-sectional area of the beam. The
nominal values of the design variables (corresponding to
0 = 0) are Af = 5.0 Ibs (2.268 kg), / = 28.863 in.4 (1201.4 cm4),
and A = 7.0 in.2 (45.2 cm2). Perturbations were made in incre-
ments of 10% of these nominal values. Results from the DEB
approximation were very encouraging, and for even as much
as a 50% increase in the design variables there was still only a
32% error compared to nearly a 100% error for the Taylor
series approximation. Similar trends occurred for other vari-
ables in approximating frequencies of the first and second
bending modes.

Figure 3 shows a sketch of the first bending mode shape for
the nominal design, the Taylor series approximation, the DEB
approximation, and the exact solution for a 50% perturbation
in the beam width B. Both approximations are very accurate,
but the DEB approximation is closer to the exact curve.

Concluding Remarks
This note has demonstrated that sensitivity equations, when

interpreted as differential equations, may be used to generate
accurate approximations. To date, the method has been devel-
oped and demonstrated for frequency and mode shape ap-
proximations. In principle, the method is applicable to ap-
proximating any quantity for which an analytical sensitivity
formula is available. For example, approximating displace-
ments is a potential extension of this concept.
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Introduction

P REVIOUS research on shape optimization has been fo-
cused on design sensitivity theory,1'2 and design modeling

techniques,2'7 with usually the entire structure being analyzed
and subsequently optimized. In a real design environment, one
often encounters the fact that only a small part of a compli-
cated component is allowed to change. In this case, substruc-
ture analysis is a more efficient approach than the full-struc-
ture finite element approach in an iterative design process.
Since, especially in structural optimization, the structure has
to be analyzed for each design iteration, the substructure
approach is a very efficient tool for a large problem.8 In shape
optimization, the computational advantage is not only in anal-
ysis but also in the sensitivity calculations. The CPU reduction
in analysis and the sensitivity calculations result in a more
efficient optimization process.

Substructure Analysis
The substructure concept is, first, to divide the complete

structure into several regions, condense the interior degrees of
freedom to the boundaries of the regions, and then establish
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